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Two-Timescale Inverse Simulation of a Helicopter Model
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The objective is the development and evaluationof a fast and reliable, multiple-timescale algorithmfor the inverse
simulation of rotorcraft maneuvering tasks. A recent, two-timescale approach to the solution of inverse problems
of aircraft motion represents the background for devising a technique that accounts for specific issues of rotorcraft
dynamicssuch as the large effects of the fast, primary moment generating controls on the slow dynamics associated
to the vehicle trajectory and the system being frequently nonminimum phase. Accurate solutions are obtained for
the inverse simulations of the fast and slow reduced-order systems because the quasi-steady-state values of the fast
controls are considered in the slow timescale. High-amplitude oscillations in the control inputs, revealed in previous
applications of helicopter inverse simulation, are interpreted as due to the presence of nonobservable motions and
are ruled out by the multiple timescale approach. The results show that the expected computer time reduction
is realized, that the well-known difficulties of inverse methods for finding feasible solutions at convergence are
practically eliminated, and, finally, that steady-state flight conditions are accurately recovered at the end of the

prescribed maneuvers.

Nomenclature

gravity acceleration

moments of inertia

product of inertia

curvature and torsion

moment components in body axes

dimensional derivatives due to state or input i

transformation matrices

helicopter mass

number of fast timescale intervals inside At

normal unit vector

= inertial coordinate vector (north, east and down),
(Ry, Rg, Rp)”

= curvilinearabscissa

time

velocity components in body axes

control vector

velocity modulus

inertial velocity vector, (Vy, Vg, V)T

force components in body axes

state vector

output vector

angle of attack, tan~!(w/u)

sideslip angle, sin"'(v/ V)
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At = time interval of the slow dynamics

Sa = lateral cyclic stick movement, positive right

dp = longitudinal cyclic movement, positive after or
nose-up

d¢ = collective control input, positive up

Sp = pedal movement, positive left or nose-left

ot = time interval of the fast dynamics

én = time step for the numerical integration

ot = time delay

€ = perturbation parameter

I3 = c.g. positionin the Frenet triedron
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0 = air density

¢,0, Y = Euler’s angles

w = angular velocity vector, (p, g, r)T
Subscripts

des = desired

e = steady state

F = fast timescale

S = slow timescale

Superscript

/ = displacement from trim value

I. Introduction

TWO-TIMESCALE integration technique is proposed for the

inverse simulation of a helicoptermodel in maneuveringflight.
Inverse simulation is a means for generating forward control inputs
such that the model would perfectly track the assigned flight path, if
feasible,in the absence of modelingerrors and disturbances. Among
the large number of applications of the method in flight mechanics
and with reference to rotorcraftmodels are the evaluationof agility,!
the validation of theoreticalmodels,? the analysis of maximum ma-
neuvering performances,’ the formulation of task driven bandwidth
requirements for the design of stability augmentation systems,* the
investigation of the effect of engine failures during takeoff from
offshore platforms,> and the assessment of handling qualities® In
Ref. 7, where a maneuver autopilot of an autonomous vehicle is
dealt with, an inverse problem is solved to determine the feedfor-
ward control variables for optimal tracking of a commanded accel-
eration. The algorithm for the inverse simulation is coupled with
a robust tracking controller to account for parameter uncertainties
and atmospheric turbulence. The technique in Ref. 7 appears as a
computationally efficient and relatively simple approach to the de-
sign of trajectory tracking controllers for low-cost remotely piloted
vehicles suitable for aeronautical research activities.

Solving the equations of motion of the vehiclein an inverse man-
ner is not a trivial task, and many problems are frequently encoun-
tered. Issuessuch as numerical stability and accuracy,computational
time, and reliability of the algorithm are taken into consideration.
The studies in Refs. 8-12 provide an extensive discussion concern-
ing several numerical aspects to be addressed for a successful im-
plementation of the main techniques used in inverse simulation.
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Inverse simulation of helicopter motion presents some distinctive
issues related to the rather complex model of the vehicle, where ei-
ther tip-path plane or multiblade descriptions of quasi-steady main
rotor flapping, quasi-steady inflow dynamics,*® and in more so-
phisticated applications'® a dynamic model of the individual rotor
blades are featured, depending on the required maneuvering tasks.
In this context, the so-called integration technique deserves interest
mainly becauseit is capable of accommodating different mathemat-
ical models without restructuring the algorithm. In the integration
method, the control variables are modified in an iterative fashion
until the output variables, computed by numerical integration of the
equations of motion over the discretizationinterval §¢, are brought
to the desired values.

In this study, the inverse simulation of the four-dimensional (a
three-dimensional trajectory assigned as a function of time) track-
ing of a helicopter model is carried out in the framework of a recent
method'! based on the integrationapproachand the timescale sepa-
ration (TSS) concept.'* The principaladvantagesof the technique,as
compared with the original integrationalgorithm,* are a significant
reductionof the computationaltime and the eliminationof numerical
stability problems, that is, high-amplitude, high-frequency oscilla-
tions and an inherent difficulty to find converged solutions, which
can be very restrictive, particularly when multiple timescales are
present in the vehicle dynamics,” as well as in nonminimum-phase
systems.!0-11

As relevantfeatures, in the contextof feedforward maneuvercon-
trol, the method utilizes a three-dimensional trajectory specified in
the inertial reference frame as input, accounts for model nonlin-
earities, and can handle performance and actuator limitations. On
the other hand, the present approach is not suitable for those appli-
cations, that is, highly aggressive maneuvers or simulations at the
extremes of the flight envelope,'® where additional timescales such
as the high bandwidth dynamics of individual blades and actuators
are excited.

The adoption of the TSS technique!! for the inverse simulation
of helicopter maneuvers is far from straightforward. We retain the
basic assumption of the TSS approach that the collective is a force
control associated to the slow timescale, whereas the cyclic and the
directionalareattitudecontrolsrelatedto the fastdynamics. The next
step in most of the reported applications of TSS'>!6 is to assume
that the fasttimescale controls produce negligiblebody forces. It has
been demonstratedin Ref. 15 that the effects of the fastinputs on the
slow dynamics can be neglected where fixed wing aircraft models
are dealt with. However, the rationale for this simplification is to
be carefully substantiated when helicopter models are considered
because significant body forces are generated by cyclic stick (54
and 8 ) and pedals (8 ) due to main rotor disk tilting and tail rotor
collective pitch variation, respectively. In this respect, the synthesis
of a trajectory controller in Ref. 16, where the singular perturba-
tion theory'* (SPT) is used for separating the helicopter dynamics
into slow and fast models, is conducted using a very simple model
of the vehicle, and the effects on the slow dynamics caused by the
aforementioned approximation are not investigated. We show that
the full model of the helicopter can be decoupled into two lower—
order models provided that the force terms due to the inputs §,,
dp, and ép are incorporatedin the governing equations of the slow
timescale. Note that, when severe maneuvers are performed, some
coupling between the slow and fast dynamics results from the ef-
fects of the helicopter rotational velocity on the rotor and body
forces.

Furtherconcernsare related to the behaviorofinternal states when
the elements of the observation vector, that is, the vector of desired
outputs, are trajectory variables, that is, the c.g. inertial coordinates.
Inthis circumstance,even though the assignedoutputsare accurately
achieved, the helicopter model may exhibit undamped oscillations
when the computed control law is used as an input for the forward
simulation of the assigned maneuver. As a consequence, steady-
state conditions cannot be recovered for the full state at the end of
the prescribed maneuver. This is not a negligibleissue when, for in-
stance, feedforward commands are to be generated for a trajectory
controller. This kind of behavior, clearly visible in the inverse sim-
ulation results of Ref. 4, is explained here as caused by the presence

of conjugate transmission zeros close to the imaginary axis, so that
there exist not observable oscillatory motions.

In the proposed method, we consider the two timescales of the
TSS approachas discussed,among many others, in Refs. 14-16. Ac-
cordingly, the principal results of the SPT are recalled to formulate
two subproblems for the slow and fast timescales of the helicopter
dynamics.Then, thec.g.locationalongthe trajectoryis expressed,in
the Frenettriad, as a power series expansion'” in term of the curvilin-
ear abscissas and, as a result, the slow controlinputs are determined
by solving an algebraic problem. Finally, the fast timescale control
variables are calculated by a local optimization technique'® that re-
lies on the integration method. In our application, we use a model
of the Bell AH-1G singlerotor helicopterand determine the control
inputs for completing hurdle-hop, slalom, side-step, and accelerat-
ing turn maneuvers. The results are discussed in terms of numerical
accuracy and computational time.

II. Analysis

In this section the governing equations of the helicopter motion
are presented. Then, the singular perturbation approach is used to
decompose the full model dynamics. Finally, we add some details
on the TSS process by demonstrating that the forces generated by
the fast controls cannotbe neglected when a rotorcraftmodel is dealt
with.

The desired outputs for the inverse simulation are the inertial
coordinates of the vehicle c.g., namely, [Ry (t), Re(t), Rp(t)]es-
The six-degree-of-freedom equations of motion of the helicopter
model, for flat Earth and zero ambient wind, are as follows:

Vy X X 0
\(E =ZL,B Y[{+1]0 1
Vb VA 8
Ry
R, | =V @)
Rp

(Ap«]z + Aerz)/(JXJZ - szz)

p
q|=|[V? =P+~ Jopr+M][0, | B
P Ad + A0 [ (1. = J2)

where
Ay =Jepg+(Jy—J)qr + L
A, =—Joqr+ U —Jy)pg+ N
and
¢} 1 singtanf cos¢tand p
6=10 cos ¢ —sin¢ q “4)
v 0 singsec6 cos¢sech r

The forces, X, Y, and Z, and moments, L, M, and N, in Egs. (1) and
(3) are in the body-fixed frame and depend on the density p(Rp),
the linear and angular velocity components, u, v, and w and p, ¢,
and r, respectively, and the control variables 8,4, §c, 85, and §p. In
concise state-space form, we write Egs. (1-4) as

x=f(x,u) )

where x=(Vy, Ve, Vp, p.q,1, 0,0, %, Ry, Rg, Rp)T € R'? and
u=(84,85,8c,8p)T € R*. When we consider that the translational
dynamics are slow as compared to the attitude dynamics, system (5)
can be represented in the well-known singular perturbation form

Xs =h(xg,xp, Us, Up; €) (6)
€xp =g(Xs,Xp, Us, UF; €) )

where xs=(Vy, Vg, Vp, Ry, Rg, Rp)T and xp=(p,q,r,¢,0,
Y)T are the state vectors of the slow and fast timescale, respec-
tively, and € is a small parameter. In Egs. (6) and (7), the con-
trol vector is partitioned as u = (ug,ur)’, where ug=[8.] and
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ur=(84,85,8p)" because the relevant assumption is made that
the collective is a primarily force generating control, whereas the
moments are directly controlled by cyclic stick and the pedals.!® In
the slow timescale, we can define the vector of desired outputs as
Vsiee = (R (00, Ri, (), R O]

The slow timescale model is obtained by settinge = 0 in Egs. (6)
and (7). This implies that the fast dynamics are so rapid that the fast
states have reached a quasi-steady state in the slow timescale, that
is, Xy =0. Therefore, from Eq. (7) we have

gxs, Xp, us,up;0) =0 ®)

where x r and u r representthe slow timescale value of the fast states
and controls, respectively. The algebraic Eq. (8), solved in term of
the angular velocity, yields from Egs. (4)

©=0 )
whereas, by setting w = 0 in Eq. (3), we have
ur =G@xr,Xs,Us) (10)

where ¥7(1) =0, 0,0, ¢(t),6(t), ¥()]”. Equation (10) allows
ur(t) to be expressed as a function of X £ (¢) and the slow timescale
states and controls. By substituting Eq. (10) in Eq. (6), we obtain

Xs = hlxs,%p, s, G(¥p, X, lg); 0] (11)

We consider the augmented slow timescale control vector #(f) =
[wg(r), p(2),6(r), ¥ (1)]", where the Euler angles representpseudo-
controls, so that the slow timescale (outer) problem is approximated
as follows:

xs = h(xs, iis) (12)
Turning to the fast timescale (inner) problem, we write from Eq. (7)
Xp=gs,Xp, Ug,up) (13)

where x(¢) and us(t) are known from the slow timescale. The fast
timescaledynamicsis required to track the commanded Euler angles
as computedin the outer solution, thatis, yr,.. = [¢(¢), (1), ¥ (1)]".

An important point concerns the influence of the fast states and
controls on the slow dynamics. The forces generated by the fast
controls are neglected in many reported applications of the SPT in
flight dynamics. This rather strong assumption allows for a signif-
icant simplification of the outer problem because the solution of
Eq. (10), to determine the quasi-steady-state values of the fast con-
trols, is not required. Also, we have that in the TSS approach the
forces produced by the angular rate of the vehicle are zero because
w =0 in the slow timescale.

In the sequel, the effects of ur and w as force-generating vari-
ables are investigated in the case of a helicopter with articulated
rotor. In so doing, and following the approach of Snell et al.,'> we
consider a motion in the vertical plane, where the sideslip angle is
zero and the lateral forces and moments are balanced. For a single
rotor helicopter there are no purely longitudinal maneuvers, but it
appears reasonable in this case to neglect the influence of roll and
yaw rates on the longitudinaldynamics. Accordingly, by assuming

=

that the aerodynamic model is affine in the pitch rate ¢ and the input
8p, the forces X and Z and the moment M are defined by

X Xo(u, w,éc) Xy (u, w) Xsp (1, w)
Z| = |Zo(u,w,8c) | + | Zy(u, w) |g+ | Zsy(u, w) |5p
M Mo(u, w, c) M, (u, w) M;, (u, w)

(14)

where the terms Xy, Z,, and M, depend on slow states and control
only. The pitch moment equation can be inverted as follows, to
express the longitudinal stick displacement as a function of pitch
acceleration and pitch rate:

8p = [1/ My, (u, w)I1,g — Mo(u, w, 8¢) — My (u, wyg]  (15)

On substitutionof § in the normal force equation, written for sym-
metric flight, we have

Zo(u, w,8¢) + Z,(u, w)q
m

w = gcosH + ug +

%[lﬂ—ﬁ%(“,w)q—Mo(u,wﬁc)] (16)
Manipulating Eq. (16) yields
w=gcost+ (1+e)[Zy(u, w,8)/m]

+(1+ e +e3)(g —esg)u 17

where

ZaB (u, w)My(u, w, 8¢)

€ = —
Zo(u, w, 8¢) My, (u, w)
o Zaye w)M, ()  Z,(u,w)
z muM;s, (u, w) } mu
I, Zs, (u, w)
€4

= Zs, (, w)M, (u, w) — My, (u, w)lmu + Z, (u, w)]

Provided that ¢ and g are specified, the direct effect on the normal
acceleration w caused by the force generated by the fast control
8p and state g can be estimated using Eq. (17), where small values
of the terms €, €, €3, and €, indicate that longitudinal cyclic and
pitch rate provide a marginal contribution to the slow dynamics. In
Fig. 1 the values assumed by €, €,, and €, (Fig. 1a) and ¢; (Fig. 1b)
are reported as computed for the AH-1G rotorcraft model during a
hurdle-hopmaneuver, the descriptionof whichis givenin Sec. IV. It
isapparentfromFig. 1a that, atleast for the consideredmaneuver, ¢,
€, and €4 are notnegligible with respect to unity. As a consequence,
the body forces generated by the fast controls should be accounted
for in the inverse simulation of rotorcraftmotion. On the other hand,
Fig. 1b shows that the contribution to the total force of the terms
depending on the angular rate is small because the maximum value
of €5 is below 3.3 x 1073, and therefore, we can retain @ =0 in

e
=
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Fig.1 Variation of €y, €, €3, and €4 during a hurdle-hop maneuver.
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the outer problem without a significant reduction of accuracy in the
trajectory evaluation.

Because the preceding analysisis limited to a single maneuverin
the vertical plane, the effects of fast controls and angular rates on
the slow timescale solution will be discussed in Sec. IV in a more
general context.

III. Inverse Simulation Algorithm

The procedure adopted for solving the inverse problem on the
two timescales is briefly presented inasmuch as only the necessary
modificationsto the algorithmforits applicationto dynamicsystems
such as a rotorcraftare reported in detail. A complete descriptionof
the technique may be found in Ref. 11.

Slow Timescale

The governing equations in the slow timescale are Egs. (1) and
(2), and the collective is the primary force generating control. At a
given time #y, the trajectory can be approximatedin the Frenet triad
by a cubic helix!® £(s), where s =0 at t =1,, which is a function
of the curvature and torsion evaluated at time 7,. Consequently, the
slow timescale state vector can be expressed as

- [Jo Lirty) 0 |[&¢—1)
xsm_[mm}r[ 0 szw] [sa—m] (18

where the expressions for £ and the transformation matrix L;r are
given in the Appendix. Equation (18) represents an approximation
to the solution of Eq. (11) between ¢, and ¢.

AsobservedinRef. 11, thenormal unit vector of the Frenettriad is
not defined when the flight is rectilinear. Similarly, in the hovering
flight of the helicopter, the tangent unit vector is also undefined.
Such circumstances, where the Frenet frame is undetermined, are
dealt with by expressing the trajectory as

R(1) = R(10) + (R/V)os(t — to) R(t) = R(1o)

for rectilinear and hovering flight, respectively. Because the pre-
ceding relations are already written in the inertial frame, the trans-
formation matrix Ljr needs not be expressed. Note that the Frenet
frame has an instantaneous rotation of 180 deg about the tangent
axis when the trajectory presents an inflection point between two
arcs that lie on the same plane. The resulting discontinuity on cer-
tain elements of Ljr has no effect on the accuracy of the inverse
solution, as will be shown in the next section where the assigned
trajectories for the hurdle-hop and slalom maneuvers have two and
three inflection points, respectively.

In the algorithm for the solution of the slow timescale inverse
problem that relies on the preceding expansion, the control vector
us(t;_1,) is determined by a constrained optimization algorithm
such that the condition yg(%;) = ys,.. (t;) is satisfied,'" where #;,_,
and t; are the bounds of the ith discretization interval, the duration
of which is At. Note that, because ys € R> and g € R*, that is, the
number of controlsis larger than the number of constrained outputs,
an additional constraintor a penalty index is to be introduced. As a
final step, the control g is interpolated by a third-orderpolynomial
in the interval [#; _ |, #;] so that the controllaw for 8. and the desired
outputs for the inner problem are C' continuous.

Fast Timescale

In the inner problem [Eq. (13)] the controls are the cyclic stick
and the pedals because they generate moments as primary effects.
We determine the control uy(¢) that realizes the desired output
Vi =p(1), 0(1), ¥ ()]7 overtheinterval Az. In so doing, as a pre-
liminary step, the commanded attitude is filtered by a second-order
dynamics” to have a smooth variation of w (function of y) and,
therefore,of u - attheboundsoftheinterval[z; _ |, t;]. The solutionof
the inner inverse problem, where the number of controlsin u € R*
equals the number of constrained outputs in y r.,,, € R?, is obtained
using the integrationmethod of Ref. 18, by assuming that the control
vector u  is piecewise constantin the interval 6 = At/N.

Note that such aspects as position and rate saturation of the con-
trols can be efficiently dealt with by the optimization algorithm on
both the slow and fast timescales.!!

IV. Results and Discussion

A readily available, six-degrees-of-freedan model of the Bell
AH-1G rotorcraff?® was chosen for this study. The nonlinear model
of the vehicle features the quasi-steady, tip-path plane approxima-
tion of rotor flapping dynamics, a nonuniform inflow with quasi-
steady dynamics, and a detailed description of the aerodynamics
of the fuselage and stabilizing surfaces. The total range of control
inputsis specified as*! |§,] <0.152,|85] <0.152,|8p| <0.083, and
—0.025<8¢c <0.127 m.

For the purposes of the present application, the engine dynam-
ics and the stability augmentation system were not included in the
model. The former simplification limits the field of application of
the technique to low-to-moderate frequency motions because the
engine dynamics, for example, plays a role in aggressive rolling
maneuvers. Of course, the solution of the simple inverse problem
where a model with first-order engine dynamics is used'® would be
straightforward in the slow timescale discretization interval. Note
that a more detailed descriptionof rotorspeed and associatedengine
and rotor dynamics requires that the slow timescale model is aug-
mented by third-ordernonlinear dynamics.”?° In that circumstance,
we expect a significant increase of computer time to solve the outer
problem because the additional states are to be determined by nu-
merical integration, even though the algebraic expression (18) still
holds for the trajectory variables.

Next, a linearized form of the aerodynamic forces and moments
was used. This approach, which is frequently adopted when low
bandwidth control tasks are dealt with (for instance in Ref. 4), al-
lows for an immediate expression of the fast controls in the slow
timescale. In this respect, Eq. (8) yields the linear set of equations

=

u
L,/I, -,

U =/
M./, | +Ds| o) | +Dp, & + Dru =0 (19)
N, /1.

e
where the trim moments L., M,, and N, are givenby Egs. (3) written

at steady state, the apex indicates variations with respect to the trim
values, and

['u ['v ['w ['5(;
DS = Mu M v Mw M&c
Nu Nv Mn MC

Ep Eq ‘C'r ‘C'&A ‘C'éB ‘C'éP
Dp=|M, M, M, |, Dp=|M;, My M,
N, N, N Niw Now N,

To determine u we use Egs. (19) and (9), so that Eq. (10) gives

u
L./, -,
v
i, =-D;'| | M./1, | +Dg| _, (20)
N,/L -
/1 5.

Finally,note that, accordingto the two-timescaleapproachdiscussed
in Sec. II, the moments generated by the angularrates are accounted
for in the fast timescale.

To demonstratethe capabilitiesof the two-timescaleinverse simu-
lation method, four typical maneuvers are discussed, that is, hurdle-
hop, slalom, side-step, and 180-deg level turn.

A discretizationinterval At = % s is used for the slow timescale
inverse problem, whereas §t = 1—16 s is adopted for the fast timescale.
The time step of the fourth-order Runge-Kutta method is én = 3—12 S.

InFigs.3,5,7,9, and 11 the time response computed by the for-
ward integration of the full set of governing equations [Egs. (1-4)],
using the two-timescale solution of the inverse problem as con-
trol input, is labeled forward simulation (FS) TSS. When the input
to the forward simulation of the vehicle is calculated by the local
optimization (LO) method,'? the results labeled FS LO are also re-
ported for the sake of comparison. In the latter case, where the TSS
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approachis not adopted, the discretizationinterval and the time step
for numerical integration are equal to % and 3—12 s, respectively, and
a time-delay of 0.5 s in the evaluation of the constrained outputs is
necessary to find converged solutions of the optimization problem
during the whole maneuver.!® Finally, the control values are ex-
pressed,in Figs. 2,4, 6, and 8, as fraction of full range displacement
(=1<684,85,8p<1;0=<8c <1

In the hurdle-hop maneuver, the trajectoryis assigned as follows:

Vdcs(t) =30 ms—l, REdes(t) =0m
40 6m(t—1)
Rp,. (1) = —100 — 1_6{8 +cos|:2—01|

2r(t—1)
—9cos 2—0 m, for 1l <t<2ls

Rpy, (1) = —100 m, for t<1, t>=21s

and the further constraint § =0 is enforced in the slow timescale.
The flight path is realized using the collective as primary control,
with negligible variations of roll and yaw angles. The pertinent
results are reported in Figs. 2 and 3. In particular, Fig. 2 shows
the four control variables as computed by the two-timescale in-
verse method. Comparison of the 85 and §, plots (Figs. 2b and
2¢) with the applied change of §. (Fig. 2a) indicates that cyclic
controls are almost entirely dedicated to balance the moments
generated by the collective input variation. This is also relevant
when the variation of longitudinal stick input is interpreted be-
cause it appears that, to maintain constant flight speed, a large,
forward stick displacement (nose-down) is required.!*° In fact, in
the first phase of the maneuver (# < 10 s), it is necessary to man-
age pitch attitude in the presence of a powerful nose-up pitch mo-
ment generated by the collective input. Note that a significantly
smaller §5 variation can be obtained when, in a more likely situa-
tion from a real-flight point of view, the forward speed is allowed to
decrease. _ _

Figures 2b and 2c¢ also show 8 and 8, [slow timescale (TS)]
obtained by the solution of the algebraic set of Eq. (20) where
85,4 =085 4, +85 4. The discrepancy between the inner (fast TS)
and outer (slow TS) solutions for §z and 84 is due to the effect
of both ¢ and g. For the behavior of §p in Fig. 2d, we have that
the pedal command has to compensate for yaw moments generated
by collective and longitudinal cyclic inputs, where N;. and Nj,
are 14.4 and 16.8 m~'s™2, respectively. The poor match between

1.0f

Sp computed in the two timescales is mainly caused by the dif-
ferences of the longitudinal cyclic command in the fast and slow
TS.

Next, Figs. 3a, 3c, and 3d, where the constrained outputs V, Rp
and Rp, respectively, are reported, show that the error with respect
to the desired values (des) of the states is practically negligible. The
differences between the solutions obtained by the actual technique
(FS TSS) and the method of Ref. 18 (FS LO) are also very small, and
we note in Fig. 3¢ the effect of the aforementioned time delay.'":'®
The pseudocontrols¢, 6, and v (slow TS) in Fig. 3b are accurately
achieved when the computed controls are the input for the forward
simulation of the maneuver (FS TSS). In Fig. 3b we also observe
that a nose-up pitch angle variation is initially realized to control
speed as the helicopter pushes over.

A two-sided slalom maneuver consists of a rapid sequence of
turns in the horizontal plane. The trajectory is assigned as follows:

Vies () = 30ms™!

50 |2 =5 | .| 4m(t—5)
Rg,. () = —27ﬁ{3231n|:—30 i| 2031n|:—30 i|

t_
+23in|:W1|}m, for 5<t<35s

Ry (1) = Om, for <5, t>35s

Rp,.. (1) = —100m

and we have § =0 in the outer problem. The aspect ratio of the
slalom, that is, the overall width over length ratio, is equal to
0.118. The control variables and some of the states are shown in
Figs. 4 and 5. We observe in Figs. 4b-4d that the fast controls
computed in the slow TS are slightly changed with respect to the
trim value at £ =0 because the collective input variation is more
limited than in the hurdle-hop maneuver. On the other hand, un-
like the preceding maneuver where the required acceleration is
mainly obtained by rotor disk tilting, the variation of ur in the
inner problem (fast TS) is more relevant to generate large values
of roll and pitch rates as required for a significant tilting of the ro-
tor force, whereas the large variation of the yaw angle (Fig. 5b) is
caused by the constraint 8 = 0. For the angularvelocity components,
we have |p| <18, |¢| <6, and |r| < 10 deg s~'. Figure 5d shows
that the assigned ground track is achieved with good accuracy, al-
though a small error of 4 m is visible at the exit of the maneuver,

fast TS
U slow TS

0 5

a 10 t (s) 15 20

Fig.2 Hurdle-hop maneuver: control variables.
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Fig.3 Hurdle-hop maneuver: state variables and specified outputs.
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Fig.4 Slalom maneuver (3 = 0): control variables.

the duration of which is 30 s. Finally, Figs. 5a and 5¢ confirm that
the constrained values of V and R, are also realized with negligible
errors.

The same slalom maneuveris solved by constraining the yaw an-
gle, thatis, ¢ = ., where ¥, = 0.1 deg. The control displacements
over full range are shown in Fig. 6, and the sideslipangle and aircraft
attitude are reported in Fig. 7. Not shown, the assigned trajectory is
precisely tracked, with the final error on both R and R, of the order
of afew meters. In Fig. 7a, we see thatlarge valuesof § are necessary
to maintain the nose pointed in a constant direction. In comparison
with the preceding situation, where a sequence of banked turns was
executed, the roll angle is slightly modified from the trim value
while pitch angle variations in the range —10.1 <6 <4.5 deg are
required. It is interesting to observe in Figs. 6b-6d that the fast
control displacements in the outer problem (slow TS) are used to
balance the moments generated by the sideslip angle. This effect
is particularly noticeable for §, because the yaw moment due to
the lateral velocity v is much higher than the moment determined
by the longitudinal cyclic variation in the fast TS. As a result, with
the yaw rate nearly equal to zero during the maneuver, we have

rather small difference between the slow and fast TS solutions in
Fig. 6d.

The next maneuver is a side-step starting in hovering. The perti-
nent constraints are
Ry @) =0m

Rp,.. (1) = 0m, for

R, (1) = %{8 +cos[3””1_0‘”} _ 9“’3[”([1; 1)} } .

for l<t<l1ls

Re, (1) = 15m, for t>11s

Rpy. (t) = —100 m

with the additional condition v () =y, = —2.6 deg for the slow
TS inverse problem. Figure 8 shows the control variables (over full
range displacement) and the slow TS value of u . Note in Fig. 8c
the sizeable difference between 8, (slow TS) and its inner value
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Fig. 9 Side-step maneuver: state variables and specified outputs.

(fast TS). This situation, already observed in the slalom maneuver
at B =0 for all of the fast controls, is due to the assumption p =0 in
the outer problem when the maneuver is characterized by a prompt
generation of roll rate through lateral cyclic input. The longitudinal
cyclic and pedal displacement in the two TS are nearly indistin-
guishable because the principal effect of these control inputs is to
balance pitch and yaw moments due to sideslip.

The discrepanciesbetween the achieved values of the constrained
variables (FS TSS), the assigned values (des) and the results of
the method in Ref. 18 (FS LO) appear negligible in Figs. 9a, 9c,
and 9d. In Fig. 9a we observe, again, the effect of the time delay
required for the application of the local optimization technique'®
(FS LO). Finally, Fig. 9b shows that the control generated Eu-
ler angles (FS TSS) are in good agreement with the pseudocon-
trols ¢, 6, and ¥ resulting from the outer problem solution (slow
TS).

The issue of the relative importance of control vs angular rate
terms in the outer solution, already analyzed at the end of Sec. I1, is
worth some additional comments. In most of the reported results it

appears that the fast control displacements computed in the slow
TS (ur) are rather different from their value obtained from the so-
lution of the fast TS inverse problem (u ). Such a poor agreement
could raise the question whether it is meaningful to determine %
in the inverse solution of the outer problem. To address this point,
we consider a fourth maneuver, that is, a level turn at increasing
speed.

Starting from a rectilinear flight at Rp =—100 m and V =
30 m s~!, either a 180-deg left-hand or right-hand turn is exe-
cuted, to account for the asymmetry of the vehicle, while the ve-
locity is increased to 40 m s~'. Figure 10 reports AR/As, where
AR =|R(t) — Ry (1)l is a measure of the position error, R(¢) is
the control generated flight path, obtained by forward simulation,
and As is the distance covered along the trajectory. The maneuver
time is T =40 s in Fig. 10aand T =20 s in Fig. 10b, and the maxi-
mum values of the angular velocity components are 8 deg s~' for p
and 14 deg s~ for ¢, respectively. The label # =0 (dotted lines)
indicates that the control displacementsrequired to fly the assigned
flight path are determined neglecting the force generated by the fast
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Fig. 11 Hurdle-hop maneuver: roll and yaw angles computed by the

controlsin the outer problem, whereas the continuouslines show the
position error when the contribution to the total force of the terms
depending on u is accounted for.

First, it was already demonstrated in Sec. II for the hurdle-hop
maneuver that the inverse solution of the outer problem is slightly
influenced by the body force due to angular rate and acceleration.
The small effect of u — ur on the trajectory variablesis confirmed
when a more complex, three-dimensional flight path is flown be-
cause Fig. 10 (continuous lines) shows that, in all of the circum-
stances, the position error is small at the exit from the maneuver
although, as expected, the maximum value of AR is higher for the
turn of shorter duration, where the angular rates are larger.

Next, it is apparent that the control inputs obtained by the TSS
method when u is set to zero in the slow TS cause large position
errors with respect to the desired trajectory, such that the specified
trim conditions are not recovered at the exit from right turns. In
particular, in situations where the final trim condition is different
from the steady state at the beginning of the maneuver (0 <7 <2.5
s), so thatanonzerou), resultsatt = T', neglectingof the force terms
due to the fast controls yields a noticeable error on the pseudocon-
trols ¢, 6, and . As a consequence, when forward simulation is
carried out using the controls computed by the TSS inverse method,
the rotor thrust vector is incorrectly pointed and, in most cases, no
steady state is achieved at the end of the maneuver.

As already mentioned,conjugatetransmissionzeros producenon-
observableoscillatorymotions that,among other effects, prevent the
recovery of a steady-state flight condition after the maneuveris com-
pleted. To clarify this, we note that the AH-1G helicopter model,
in the reference condition of rectilinear flight at V =30 m s~!,
has two pairs of transmission zeros when the output vector is
y=(Ry,Rg, Rp, B)", thatis, z7,, =0.10£5.32j s~' and z4, , =
—0.078+2.06j s~'. Figure 11 reports the roll and yaw angles
achievedusing the inverse solution of the hurdle-hop maneuver pro-
vided by the method of Ref. 18 (FS LO) as control input, where the
full dynamics of the system are taken into consideration. The ma-
neuver is completed at t =21 s, and the input law is determined
until # =30 s because the specified outputs are at the reference
valuefort > 21. Although the desired values of the assigned outputs
are obtained, we see amplitude oscillations in the considered states
(8t =0.5 s) the period of which is equal to 1.4 s, related to z7, ,,
and the response is diverging as the time delay 87 is decreased. On

FSLO(31=055) --—-—
FSLO (81=03755) oo

L5p E FSTSS ———
1.0 i\
O 2
= ]
5 05 i
0.0
0 10 () 2 30

two-TS method (FS TSS) and the technique of Ref. 18 (FS LO).

the other hand, when the inverse simulation is carried out by the
present method on the two subsystems of the slow and fast dynam-
ics (FS TSS), none of which has transmission zeros, it is apparent
that the steady-state values of ¢ and i are accurately obtained.

Therefore, the effects of nonobservable motions should be care-
fully considered when the output variables are to be specified in
inverse simulation algorithms based on the integration method,
whereas the TSS approach rules out this problem. In this respect
and in a more general context, whenever reference is made to
problems associated with uncontrollable states as, for instance, in
Refs. 9 and 12, the transmission zeros of the system should be
analyzed.

Finally, the CPU time on a Pentium II, 350-MHz personal com-
puter was evaluated for the present algorithm and the local opti-
mization method.!® The time required by the integration method of
Ref. 18 was 38.1 s for the hurdle-hop maneuver and 23.6 s for the
side-step maneuver. On the other hand, the two-TS algorithm uses
3.0 and 1.7 s of CPU time, respectively, for the same maneuvers,
thus allowing for an order of magnitude reduction of the computa-
tional time. Note that the CPU time is rather insensitive to the time
interval of the slow dynamics. For instance, using At as short as
0.12 s gives 3.3 and 2.0 s for the inverse solution of the hurdle-hop
and side-step maneuvers, respectively.

V. Conclusions

An inverse simulation technique, based on the conceptof TS sep-
aration, has been adapted and evaluated for the study of helicopter
maneuvers.

The two-time-scale method accounts for the relevanteffect of the
force generated by cyclic stick and pedals and appears suitable and
very effective as far as the accuracy and numerical stability of the
method and the time taken to produce a solution at convergenceare
concerned. In particular, the algorithm is about an order of mag-
nitude faster than the numerical integration methods and should
provide equivalent performances in comparison to differentiation
algorithms that reportedly can be run in real time.

The calculationscheme is rather flexible because the vehicle per-
formance can be determined in different situations, where, for in-
stance, zero sideslip angle as well as zero heading change are spec-
ified in slalom maneuvers, according to pilot perspective.
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Finally, the proposed technique prevents the relevant issue of
nonobservablemotions that exist as the helicoptertrajectoryis spec-
ified in terms of c.g. coordinates and in so doing allows the full re-
covery of a steady-state flight condition at the exit of the maneuver.

Appendix: Trajectory Expansion
The expression of ¢ is!’

s— s (k2), /3!
£(s) = | 52 (k1) /2! + 57 (dky /ds), /3!
53 (kyks), /3!

The curvilinear abscissa s is written as
s(t — 1) = Vot — to) + Vot — 15)2 /2! + Vo (t — £5)* /3!

whereas the expressionsof the curvatureand torsion, k; and k5, are!

1. . det{R,R, R
= (R — VDY, k= SMRRR)
V2 V2RE — V)

and dk, /ds = lél / V. The transformationmatrix L;r from the Frenet
frame to the inertial frame is given by

Lir(iy) = R/V,n/In|, Rn/V |n),

where the first, second, and third derivatives of R are to be computed
atf, toevaluate £. In thisrespect, R, and R, are givenby Egs. (2) and
(1), respectively.The third derivativeof R, is computed by numerical
differentiation. In the preceding equation,n =R — RV /V, and Rn
is the matrix equivalent of vector product.
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